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WITH BAAS-SULLIVAN SINGULARITIES, PART 2
NATHAN PERLMUTTER
Abstract. For a given list of closed manifolds Σk = (P1, . . . , Pk), we construct a cobordism
category CobΣkd of manifolds with Baas-Sullivan singularities of type Σk . Our main results
identify the homotopy type of the classifying space BCobΣkd , with that of the infinite loop-
space of a certain spectrum, MTΣk(d). Our results generalize of the work of Galatius, Madsen,
Tillmann, and Weiss from [5]. It also generalizes the work of Genauer on the cobordism
categories of manifolds with corners from [6].
1. Introduction and Statement of Main Results
1.1. Background and motivation. In [5], Galatius, Madsen, Tillmann, and Weiss construct
a cobordism category Cobd and identify the homotopy type of its classifying space with that
of the infinite loop-space Ω∞−1MT(d), where MT(d) is the Thom spectrum associated to the
inverse to the universal, d-dimensional vector bundle Ud → BO(d). This fundamental result
lead to a new proof of the Mumford conjecture (given in [5]) and laid the foundations for the
study of the moduli spaces of smooth manifolds, see [7].
In [15] we generalized the main result from [5] to the case of manifolds with a single Baas-
Sullivan singularity. In this paper we determine the homotopy type of a cobordism category
of manifolds with multiple Baas-Sullivan singularities. This work simultaneously generalizes
the results from [5] and the work on cobordism categories of manifolds with corners from [6].
1.2. Manifolds with Baas-Sullivan singularities. We fix a sequence Σ = (P1, . . . , Pk, . . . )
of smooth, closed manifolds and let pi denote the dimension of the manifold Pi for each i ∈ N .
Then for k ∈ N , we let Σk denote the truncated list (P1, . . . , Pk). Following [1] and [4], a
manifold with Baas-Sullivan singularities modeled on Σk is a smooth manifold W equipped
with the following extra structure:
• The boundary ∂W is given a decomposition ∂W = ∂0W ∪∂1W ∪ · · ·∪∂kW with the
property that for each subset I ⊆ {0, 1, . . . , k} , the intersection ∂IW :=
⋂
i∈I ∂iW is
a (dim(W )− |I|)-dimensional manifold, where |I| is the order of I .
• For each subset I ⊆ {0, 1, . . . , k} , the manifold ∂IW is equipped with a factorization,
∂IW = βIW × P I ,
where P I =
∏
i∈I Pi and βIW is a manifold of dimension, dim(W )− |I| −
∑
i∈I pi .
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2 NATHAN PERLMUTTER
The submanifold ∂0W is referred to as the boundary of the Σk -manifold W . A compact
Σk -manifold W is said to be closed if ∂0W = ∅ . Two closed Σk -manifolds M1 and M2 are
said to be Σk -cobordant if there exists a compact Σk -manifold W such that ∂0W = M1unionsqM2 .
We denote by Ω∗ the graded cobordism group of unoriented manifolds, and by ΩΣk∗ the
graded cobordism group of manifolds with Baas-Sullivan singularities of type Σk . We denote,
ΩΣ0∗ := Ω∗ . For varying integer k , the groups Ω
Σk∗ are related to each other by the well-known
Bockstein-Sullivan exact couple:
(1) Ω
Σk−1∗
ik ''
Ω
Σk−1∗
×Pkoo
ΩΣk∗
βk
77
The map ×Pk is given by multiplication by the manifold Pk and is of degree pk , ik is the
map given by inclusion, and βk is the degree −(pk + 1) map given by sending a Σk -manifold
W to the Σk−1 -manifold βkW .
We will construct a cobordism category of manifolds with Baas-Sullivan singularities CobΣkd
(see also [2]), and then proceed to determine the homotopy-type of its classifying space,
BCobΣkd . Roughly, the objects of Cob
Σk
d are given by embedded, closed, Σk -manifolds
M ⊂ R∞ of dimension d − 1, and morphisms are given by embedded Σk -cobordisms W ⊂
[0, 1] × R∞ of dimension d , such that such that ∂W = W ∩ ({0, 1} × R∞) is an orthogonal
intersection. A more precise definition of the category CobΣkd is given in Section 4 using
important preliminary results about the differential topology of Σk -manifolds developed in
the sections leading up to it. Following [5], the category CobΣkd is topologized in such a way
so that there are homotopy equivalences,
ob(CobΣkd ) '
∐
[M ]
BDiffΣk (M), mor(Cob
Σk
d ) ' ob(CobΣkd )q
∐
[W ]
BDiffΣk(W ) ,
where M varies over diffeomorphism classes of (d− 1)-dimensional closed Σk -manifolds and
W varies over diffeomorphism classes of d-dimensional Σk -cobordisms. The group DiffΣk(W )
is defined to be the group of all diffeomorphisms g : W −→ W such that g(∂IW ) = ∂IW for
all subsets I ⊆ {0, . . . , k} , and with the additional property that the restriction of g to ∂IW
has the factorization g |∂IW = gβI × IdP I , where gβI : βIW → βIW is a diffeomorphism.
This construction is a generalization of the category Cobd from [5] in the sense that Cob
Σk
d is
isomorphic (as a topological category) to Cobd in the case that Σk = (∅, . . . , ∅). Furthermore,
in the case that Pi is the single point space ? for all i ≤ k , then the category CobΣkd coincides
with the cobordism category of manifolds with corners studied by Genauer in [6].
1.3. First results. We will need to compare the categories CobΣkd to other similar cobordism
categories consisting of manifolds with different singularity types. For a non-negative integer
` ≤ k , we denote by Σ`k the list obtained from Σk by replacing the manifold Pi with a the
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single point space ? if i > ` , i.e. Σ`k = (P1, . . . , P`, ?, . . . , ?). Using these singularity lists,
the categories Cob
Σ`k
d are defined in the same way as before. The category Cob
Σ0k
d is the
cobordism category of manifolds with corners studied in [6]. The categories Cob
Σ`k
d serve as
intermediates between the category of manifolds with corners and the cobordism category of
Σk -manifolds Cob
Σk
d , which is our main object of interest. For any pair of integers ` < k we
have a commutative diagram,
(2) Cob
Σ`+1k
d
β`+1

// Cob
Σ`k
d
∂`+1

Cob
Σ`k−1
d−p`+1−1
τP`+1 // Cob
Σ`k−1
d−1
where ∂`+1 is the functor defined by sending a cobordism W (which is a morphism) to ∂`+1W ,
β`+1 sends a cobordism W to β`+1W , the map τP`+1 is the functor defined by sending a
cobordism W to the product W ×P`+1 , and the top-horizontal map is the functor defined by
considering a Σ`+1k -manifold a Σ
`
k -manifold. It follows from the construction of the categories
Cob
Σ`+1k
d in Section 4 (and the preliminary results developed in the sections leading up to
this), that the above diagram is a pull-back square. The fact that (2) is a pull-back square
for all ` < k implies that the category Cob
Σ`+1k
d can be defined inductively as the iterated
pull-back of the maps τP`+1 and ∂`+1 , starting with ` = 0.
Passing to classifying spaces, we obtain the commutative square,
(3) BCob
Σ`+1k
d
//
B(β`+1)

BCob
Σ`k
d
B(∂`+1)

BCob
Σ`k−1
d−p`+1−1
B(τP`+1 ) // BCob
Σ`k−1
d−1 .
This brings us to the statement of our first result, which is proven in Section 6.
Theorem 1.1. The diagram (3) is homotopy-cartesian for all ` and k with 0 ≤ ` < k .
In Proposition 4.1, we show that the homotopy class of the bottom-horizontal map B(τP`+1)
depends only the cobordism class of the closed manifold P`+1 . Applying this fact to the
homotopy cartesian diagram (3) yields the following corollary:
Corollary 1.2. Let Σ̂ be a sequence of manifolds obtained by replacing each manifold Pi
from the sequence Σ, by a manifold P̂i that is cobordant to Pi . Then for all 0 ≤ ` < k , the
classifying space BCob
Σ̂`k
d is weakly homotopy equivalent to BCob
Σ`k
d .
We then identify the homotopy fibre of the vertical maps of the above homotopy-cartesian
square with the classifying space BCob
Σ`−1k−1
d .
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Corollary 1.3. For all k ∈ N, there is a homotopy fibre-sequence,
BCob
Σ`k−1
d
// BCob
Σ`+1k
d
B(β`+1) // BCob
Σ`k−1
d−1−pk .
1.4. The main result. To state our main theorem, we will need some more terminology.
For an integer k ∈ N , let 〈k〉 denote the set {1, . . . , k} and then let 2〈k〉 denote the category
whose objects are given by the subsets of 〈k〉 and whose morphisms are given by the inclusion
maps. We will need to consider functors (X•)op : 2〈k〉 −→ Spec , where Spec denotes the
category of spectra. Such a functor X• will be referred to as a k -cubic spectrum. For any
k -cubic spectrum X• , we denote by tCofibre(X•) the total homotopy cofibre of the functor
X• (see Section 7.2 for the definition, or see also [13, Definition 3.5]).
In Section 7 we construct a k -cubic spectrum MTΣk(d)• such that for each subset I ⊆ 〈k〉 ,
the spectrum MTΣk(d)I is equal to the spectrum Σ
−|I|MT(d − |I| − pI) from [5], where
pI =
∑
i∈I pi . We then let MTΣk(d) denote the spectrum given by the total homotopy cofibre,
tCofibre(MTΣk(d)•). The k -cubic spectrum MTΣk(d)• is constructed in such a way so that
in the case that Σk is a list of single points, the spectrum MTΣk(d) reduces to the spectrum
considered in [6]. In Section 8, we prove the following theorem.
Theorem 1.4. There is a weak homotopy equivalence, BCobΣkd ' Ω∞−1MTΣk(d).
Remark 1.1. To simplify the exposition and notation we will only treat unoriented manifolds
Baas-Sullivan singularities. However, all of our constructions could be carried through for
manifolds equipped with tangential structures and analogous results could be obtained with
little extra work. We have not done these things so as to avoid a notational nightmare.
1.5. Organization. In Section 2 we give a rigorous definition of Σk -manifolds. In Section
3 we define certain important mapping spaces associated to Σk -manifolds. In Section 4 we
define the cobordism category CobΣkd of Σk -manifolds. In Section 5 we construct certain
sheaves modeled on the cobordism category CobΣkd and in Section 6 we prove Theorem 1.1,
using all of the constructions developed in the previous sections. In Section 7 we construct the
spectrum that appears in the statement of Theorem 1.4 and in Section 8 we prove Theorem
1.4. In the appendix we prove a technical lemma which is used in Section 3.2 to prove Theorem
3.4.
1.6. Acknowledgements. The author would like to thank Boris Botvinnik for suggesting
this particular problem and for numerous helpful discussions on the subject of this paper. The
author is also grateful to Nils Baas and Marius Thaule for some very helpful conversations and
remarks and to Oscar Randal-Williams for critical comments on the first part of this project.
2. Manifolds with Baas-Sullivan singularities
Fix once and for all a sequence of closed manifolds Σ := (P1, . . . , Pj, . . . ). For each i ∈ N , we
let pi denote the integer dim(Pi). For k ∈ N , let Σk , denote the truncated list (P1, . . . , Pk)
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comprised of the first k -elements of Σ (Σ0 is then defined to be the empty list). If ` is a
non-negative integer less than or equal to k , we let Σ`k denote the list obtained from Σk by
replacing the manifold Pi by ? (the single point space) if i > ` .
Remark 2.1. The main objects of interest are Σk -manifolds. However, for technical reasons
it will be important to also study manifolds with singularities modeled on the lists Σ`k for
` ≤ k . The Σ`k -manifolds will serve as intermediates between manifolds with corners and
Σk -manifolds and will be useful in many of our constructions, see (2) and Theorem 1.1.
Notational Convention 2.1. The following are some notational conventions that we use in
this section and throughout the paper.
• We let 〈k〉 denote the set {1, . . . , k} and let 〈̂k〉 denote the set {0, 1, . . . , k} .
• If ¯ = (0, . . . , k) is a list of positive real numbers, we let [0, ¯)k+1 denote the space
given by {(x0, . . . , xk) ∈ [0,∞)k+1 | xi < i }.
• If I ⊆ 〈̂k〉 is a subset, we let [0, ¯)k+1I denote the subspace of [0, ¯)k+1 given by
{(x0, . . . , xk) ∈ [0, ¯)k+1 | xi = 0 when i /∈ I }. Similarly, we let [0,∞)k+1I denote the
subspace of [0,∞)k+1 given by {(x0, . . . , xk) ∈ [0,∞)k+1 | xi = 0 when i /∈ I }.
We now give a rigorous definition of Σ`k -manifold. By this definition, Σ
`
k -manifolds are a
generalization of manifolds with corners. For background on manifolds with corners see [6]
and [11].
Definition 2.1. Let ` ≤ k be non-negative integers. A smooth, d-dimensional manifold M
is said to be a Σ`k -manifold if it is equipped with the following extra structure:
i. The boundary ∂M is given a decomposition ∂M = ∂0M ∪ · · · ∪ ∂kM into a union of
(d− 1)-dimensional manifolds such that for all subsets I ⊆ 〈̂k〉 , the intersection
∂IM :=
⋂
i∈I
∂iM
is a (d− |I|)-dimensional manifold, with boundary given by
∂(∂IM) =
⋃
j∈〈k〉
(∂jM ∩ ∂IM).
ii. For each subset I ⊆ 〈̂k〉 , there are embeddings hI : ∂IM × [0,∞)k+1I −→ M that
satisfy the following two compatibility conditions:
(a) For each pair of subsets J ⊆ I ⊆ 〈̂k〉 , the embedding hJ maps the subspace
∂JM × [0, 1)k+1J\I ⊂ ∂JM × [0, 1)k+1J
into ∂IM × [0, 1)k+1I .
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(b) For each pair of subsets I ⊆ J ⊆ 〈̂k〉 , the following diagram commutes,
∂JM × [0, 1)k+1J
=

hJ
--∂JM × [0, 1)k+1J\I × [0, 1)k+1I hJ\I×Id
// ∂IM × [0, 1)k+1I hI // M,
where the left vertical map is the standard identification
∂JM × [0, 1)k+1J\I × [0, 1)k+1I = ∂JM × [0, 1)k+1J .
iii. For each subset I ⊆ 〈`〉 there are diffeomorphisms,
ψI : ∂IM
∼= // βIM × P I
where βIM is a (d− |I| − pI)-dimensional manifold and P I =
∏
i∈I Pi . These diffeo-
morphisms are subject to the following compatibility condition: if I ⊆ J ⊆ 〈`〉 are
subsets and ιJ,I : ∂JM ↪→ ∂IM is the corresponding inclusion, then the map
ψI ◦ ιJ,I ◦ ψ−1J : βJM × P J −→ βIM × P I
is the identity on the direct factor of P I in the product P J =
∏
j∈J Pj .
We refer to the embeddings hI from ii. as collars and the diffeomorphisms from iii. as
the structure maps. It follows directly from the above definition that for a subset I ⊆ 〈̂k〉 ,
the manifolds ∂IM and βIM are Σ
`
k -manifolds of dimension d − |I| and d − |I| −
∑
i∈I pi
respectively. Furthermore, both ∂`+1M and β`+1M have the structure of Σ
`
k−1 -manifolds.
The Σ`k -manifold ∂0M is said to be the boundary of M . If M is compact and ∂0M = ∅ , then
M is said to be a closed Σ`k -manifold.
We will need to consider maps between Σ`k -manifolds and arbitrary topological spaces.
Definition 2.2. Let M be a Σ`k -manifold and let X be a topological space. A map
f : M −→ X
is said to be a Σ`k -map if for each subset I ⊆ 〈`〉 , there is a map fβI : βIM −→ X such that
the restriction map f |∂IM : ∂IM −→ X has the factorization,
∂IM
φI // βIM × P I
projβIM // βIM
fβI // X.
If X is a smooth manifold, then f is called a smooth Σ`k -map if f is smooth when considering
M as a smooth manifold with corners.
We will ultimately need to consider submersions of Σ`k -manifolds.
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Definition 2.3. A smooth Σ`k -map f : M −→ X is said to be a Σ`k -submersion if f is a
submersion (when considering M as a smooth manifold with corners) and f |∂IM : ∂IM −→ X
is a submersion for every subset I ⊆ 〈̂k〉 .
Transversality will also play an important role.
Definition 2.4. Let X be a smooth manifold and let K ⊂ X be a submanifold. A smooth
Σ`k -map f : M −→ X is said to be Σ`k -transverse to K if f is transverse to K and if for
each subset I ⊆ 〈̂k〉 , the map f |∂IM : ∂IM −→ X is transverse to K .
It follows easily that if the Σ`k -map f : M −→ X is transverse to K then the pre-image
f−1(K) has the structure of a Σ`k -manifold.
We are ultimately interested in the cobordism theory of Σ`k -manifolds.
Definition 2.5. Let Ma and Mb be closed Σ
`
k -manifolds of dimension d and W be a compact
Σ`k -manifold of dimension d + 1. If ∂0W = Ma unionsqMb , then the triple (W,Ma,Mb) is said to
be a Σ`k -cobordism triple. Two closed Σ
`
k -manifolds Ma and Mb are said to be Σ
`
k -cobordant
if there exists a compact (d+ 1)-dimensional Σ`k -manifold W such that ∂0W = Ma unionsqMb .
Remark 2.2. Using the above definition, one can construct the cobordism groups of Σ`k -
manifolds, denoted by Ω
Σ`k∗ . We refer the reader to [4] for details on the construction.
3. Mapping Spaces
3.1. Diffeomorphisms. For what follows, let Ma and Mb be Σ
`
k -manifolds. For each subset
I ⊆ 〈̂k〉 , we denote by haI and hbI the collar embeddings associated to Ma and Mb and denote
by ψaI and ψ
b
I the structure maps from, condition iii. of Definition 2.1.
Definition 3.1. A smooth map f : Ma −→Mb is said to be a Σ`k -morphism if the following
conditions are satisfied:
i. For all subsets I ⊆ 〈̂k〉 , we have f(∂IMa) ⊂ ∂IMb .
ii. The map f interacts with the collars in the following way. There exists a list of positive
integers ¯ = (0, . . . , k) such that for each subset I ⊆ 〈̂k〉 ,
f ◦ hI(x, t1, . . . , tk) = hI(f |∂IMa(x), t0, . . . , tk)
where x ∈ ∂IMa and (t0, . . . , tk) ∈ [0, ¯)k+1I .
iii. For each subset I ⊆ 〈`〉 , the restrictions f |∂IM have the factorizations,
f |∂IMa= (ψa)−1I ◦ (fβIMa × IdP I ) ◦ ψbI
where fβIMa : βIMa −→ βIMb is a smooth map satisfying conditions i. and ii. given
above.
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We let C∞
Σ`k
(Ma,Mb) denote the space of Σ
`
k -morphisms Ma →Mb , topologized as a subspace
of the space of smooth maps Ma → Mb in the C∞ -topology. For a Σ`k -manifold M , we
let C∞
Σ`k
(M) denote the space C∞
Σ`k
(M,M). We will need to consider diffeomorphisms of Σ`k -
manifolds as well.
Definition 3.2. A smooth map between Σ`k -manifolds f : Ma −→ Mb , is said to be a
Σ`k -diffeomorphism if it is both a diffeomorphism as a map of smooth manifolds and a Σ
`
k -
morphism, i.e. it satisfies all conditions of Definition 3.1.
We denote by DiffΣ`k(Ma,Mb) the space of Σ
`
k -diffeomorphisms from Ma to Mb , where
DiffΣ`k(Ma,Mb) is topologized as a subspace of C
∞
Σ`k
(Ma,Mb). For a Σ
`
k -manifold M , we
let DiffΣ`k(M) denote the space DiffΣ`k(M,M). The space DiffΣ`k(M) has the structure of a
topological group with product given by composition.
The next proposition is proven in the same way as [15, Proposition 3.1].
Proposition 3.1. For any two compact Σ`k -manifolds Ma and Mb , DiffΣ`k(Ma,Mb) is an
open subset of C∞
Σ`k
(Ma,Mb).
3.2. Embeddings. We will need to consider certain spaces of embeddings of Σ`k -manifolds.
For each i ∈ N , we fix once and for all integers mi with mi > pi = dim(Pi), and smooth
embeddings
(4) φi : Pi −→ Rpi+mi ,
where recall, Σ = (P1, . . . , Pi, . . . ) is the list of closed manifolds that we fixed in the beginning
of Section 2. All of our constructions henceforth will depend on this choice of embeddings.
Notational Convention 3.1. The following are some notational conventions that we will
use throughout the rest of the paper when dealing with embedded Σ`k manifolds.
• With pi = dim(Pi) and mi the integers chosen from (4), we set
p¯ :=
∑
i∈〈k〉
pi and m¯ :=
∑
i∈〈k〉
mi.
• For each subset I ⊆ 〈k〉 , we denote
pI :=
∑
i∈I
pi and mI :=
∑
i∈I
mi.
• If n is any non-negative integer, we set n̂ := n− p¯− m¯.
• For each subset I ⊆ 〈k〉 , we set
Rp¯+m¯I := {(x1, . . . , xk) ∈ Rp1+m1 × · · · × Rpk+mk | xi = 0 if i /∈ I }.
• Using the identification Rp¯+m¯I =
∏
i∈I Rpi+mi , we let φI : P I −→ Rp¯+m¯I denote the
embedding given by the product
∏
i∈I φPi .
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• For each k ∈ N , we let Rk+ denote the product space [0,∞)k . For each subset I ⊆ 〈k〉 ,
we let Rk+,I denote the subspace of Rk+ given by {(x1, . . . , xk) ∈ Rk+ | xi = 0 if i /∈ I }.
For what follows, let X be a smooth manifold without boundary and let M be a (possibly
non-compact) Σ`k -manifold with ∂0M = ∅ .
Definition 3.3. We define EΣ`k,n(M,X) to be the space of smooth embeddings
f : M −→ X × Rk+ × Rn̂ × Rp¯+m¯
that satisfy the following conditions:
i. For each subset I ⊆ 〈k〉 , we have f(∂IM) ⊆ X × Rk+,Ic × Rn̂ × Rp¯+m¯.
ii. There exists a list of positive real numbers ¯ = (1, . . . , k) such that for every subset
I ⊆ 〈k〉 , the following diagram commutes
∂IM × [0, ¯)kI
proj.

f◦hI // X × Rk+,I × (Rk+,Ic × Rn̂ × Rp¯+m¯)
proj.

[0, ¯)kI
iI // X × Rk+,I
where iI : [0, ¯)
k
I ↪→ Rk+,I is the standard inclusion. In the upper-right corner we are
using the identification, (Rk+,I × Rk+,Ic)× Rn̂ × Rp¯+m¯ = Rk+ × Rn̂ × Rp¯+m¯.
iii. For each subset I ⊆ 〈`〉 , there is a factorization: f |∂IM = fβIM × φI where the φI
are the product embeddings specified in Notation Convention 3.1 and
fβIM : βIM −→ X × Rk+,Ic × Rn̂ × Rp¯+m¯Ic
is an embedding which satisfies conditions i. and ii. given above.
The space EΣ`k,n(M,X) is topologized as a subspace of the space of smooth maps
M −→ X × Rk+ × Rn̂ × Rp¯+m¯
in the C∞ -topology. We let EΣ`k,n(M) denote the space EΣ`k,n(M, pt.), i.e. the space of em-
beddings M → Rk+ × Rn̂ × Rp¯+m¯ that satisfy the conditions specified above.
By the following proposition, we are justified in excluding the embeddings (4) from the nota-
tion. This is proven in the same way as in [15, Proposition 3.2].
Proposition 3.2. Let M be a Σ`k -manifold with ∂0M = ∅, let X be a smooth manifold, and
let n be positive integer. Then the homeomorphism type of the space EΣ`k,n(M,X) does not
depend on the embeddings φi : Pi ↪→ Rpi+mi used to define it.
For each n there is a natural embedding EΣ`k,n(M,X) ↪→ EΣ`k,n+1(M,X). We then define,
(5) EΣ`k(M,X) := colimn→∞ EΣ`k,n(M,X).
10 NATHAN PERLMUTTER
Suppose that M is a Σ`k -manifold. Since M is automatically a Σ
`−1
k -manifold as well, the
space EΣ`−1k (M) is defined. We have a commutative diagram,
(6) EΣ`k(M)
β`

  // EΣ`−1k (M)
∂`

EΣ`−1k−1(β`+1M)
×φ` // EΣ`−1k−1(∂`+1M)
where the right vertical map sends an embedding g : M → Rk+×R∞×Rp¯+m¯ to its restriction
g |∂`M . The bottom horizontal map sends an embedding
f : β`M −→ Rk+,{`}c × R∞ × Rp¯+m¯{`}c
to the product embedding
f × φ` : (β`M)× P` −→ (Rk+,{`}c × R∞ × Rp¯+m¯{`}c )× Rp¯+m¯{`} .
The top horizontal map is the inclusion. It follows easily that (6) is a pull-back square. The
proof of the following lemma is given in Appendix A.
Lemma 3.3. Let M be a closed Σ`k -manifold. Then the restriction map
∂` : EΣ`−1k (M) −→ EΣ`−1k−1(∂`M)
is a Serre-fibration.
The above lemma implies that the pull-back square (6) is homotopy cartesian.
Theorem 3.4. Let 0 ≤ ` ≤ k be integers and let M be a closed Σ`k -manifold. Then the space
EΣ`k(M) is weakly contractible.
Proof. We prove this by induction on k . To prove the base case, let k = 1. It follows from [6,
Theorem 2.7] that the spaces EΣ0k(M), EΣ0k(∂1M), and EΣ0k(β1M) are all weakly contractible
(these are spaces of neat embeddings of manifolds with corners). We then apply Lemma 3.3
to see that the diagram
EΣ1k(M)
β1

  // EΣ0k(M)
∂1

EΣ0k−1(β1M)
×φ1 // EΣ0k−1(∂1M)
is a homotopy-cartesian square (this follows from the fact that the right-vertical map is a
Serre-fibration and the fact that the square is already a pull-back). Since the bottom-left,
bottom-right, and top-right spaces are all weakly contractible, it follows that the upper-left
space is weakly contractible as well. This proves the base case of the induction. Now let
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k ∈ N be arbitrary, and suppose that EΣ`k−1(M) is weakly contractible for ` = 0, . . . , k . By
the Lemma A.1, the diagram
EΣ`+1k (M)
β`+1

  // EΣ`k(M)
∂`+1

EΣ`k−1(β`+1M)
×φl+1 // EΣ`k−1(∂`+1M)
is weakly homotopy-cartesian for all ` . By the induction hypothesis, the bottom-left, bottom-
right, and upper-right spaces are weakly contractible. It then follows that the upper-right
space is weakly contractible as well. This completes the proof of the theorem. 
We define similar embedding spaces for Σ`k -bordism triples.
Definition 3.4. Let (W,Ma,Mb) be a Σ
`
k -bordism triple and let n be a non-negative integer.
For any smooth manifold without boundary X , we define EΣ`k,n((W,Ma,Mb), X) to be the
space of smooth embeddings
f : W −→ X × [0, 1]× Rk+ × Rn̂ × Rp¯+m¯,
subject to the following conditions:
i. For each subset I ⊆ 〈k〉 we have,
f(∂IW ) ⊂ X × [0, 1]× Rk+,Ic × Rn̂ × Rp¯+m¯,
f(Ma) ⊂ X × {0} × Rk+ × Rn̂ × Rp¯+m¯,
f(Mb) ⊂ X × {1} × Rk+ × Rn̂ × Rp¯+m¯.
Furthermore, the restriction of f to Mν , for ν = a, b , is an element of the space
EΣ`k,n(Mν , X).
ii. For each subset I ⊆ 〈k〉 , the restriction map f |∂IM respects the collars in the same
way as in Definition 3.3.
iii. For each subset I ⊆ 〈`〉 , there is a factorization f |∂IM = fβIM × φI just as in
condition iii. of Definition 3.3.
As before, we define
EΣ`k((W,Ma,Mb), X) := colimn→∞ EΣ`k,n((W,Ma,Mb), X).
As before, we let EΣ`k(W,Ma,Mb) denote the space EΣ`k((W,Ma,Mb), pt.). The following
theorem is proven in exactly the same way as Theorem 3.4.
Theorem 3.5. Let (W,Ma,Mb) be a Σ
`
k -cobordism triple. Then the space EΣ`k(W,Ma,Mb) is
weakly contractable.
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The terminology given in the next definition will be useful later on when we define the cobor-
dism category of Σ`k -manifolds and related constructions.
Definition 3.5. Let X be a smooth manifold without boundary. Let M be a Σ`k -manifold
with ∂0M = ∅ , that is embedded as a submanifold of X × Rk+ × Rn̂ × Rp¯+m¯ , such that the
inclusion map
M ↪→ X × Rk+ × Rn̂ × Rp¯+m¯
is an element of the space EΣ`k,n(M,X). In this case M is called a Σ`k -submanifold over X .
In the case that X is a point, we simply refer to M as a Σ`k -submanifold. Similarly, let
(W,Ma,Mb) be a Σ
`
k bordism triple with W embedded as a submanifold of X× [0, 1]×Rk+×
Rn̂ × Rp¯+m¯ such that the inclusion W ↪→ X × [0, 1]× R+ × Rn̂ × Rp¯+m¯ is an element of the
space EΣ`k((W,Ma,Mb), X). Then, W is called a Σ`k -subcobordism over X .
Remark 3.1 (Normal Bundles). Let M ⊂ X×Rk+×Rn̂×Rp+m be a Σ`k -submanifold without
boundary. Let pi : M −→ X denote the restriction to M of the projection
X × Rk+ × Rn̂ × Rp¯+m¯ −→ X.
It follows immediately from condition iii. of Definition 3.5 that pi is a smooth Σ`k -map (see
Definition 2.2). Denote by N →M the normal bundle. The factorizations
∂IM = βIM × φPI (P I)
with βIM ⊂ X × Rk+,Ic × Rn̂ and φI(P I) ⊂ Rp¯+m¯ , imply that the restriction of N to ∂IM
has the factorization
(7) N |∂IM = (NβI ×NP I )⊕ |I|,
where NβI → βIM and NP I → φI(P I) are the normal bundles for βIM and φI(P I) respec-
tively, and |I| is the trivial bundle with fibre-dimension |I| .
3.3. Fibre bundles of Σ`k -manifolds. Let M be a closed Σ
`
k -manifold. Consider the space
EΣ`k(M). There is a free, continuous group action
DiffΣ`k(M)× EΣ`k(M) −→ EΣ`k(M), (g, ϕ) 7→ ϕ ◦ g.
We letMΣ`k(M) denote the orbit space
EΣ`k(M)
DiffΣ`k(M)
. Similarly, if (W,Ma,Mb) is a Σ
`
k -manifold
cobordism triple, there is a free, continuous group action
DiffΣ`k(W,Ma,Mb)× EΣ`k(W,Ma,Mb) −→ EΣ`k(W,Ma,Mb), (g, ϕ) 7→ ϕ ◦ g.
We let MΣ`k(W,Ma,Mb) denote the orbit space
EΣ`k(W,Ma,Mb)
DiffΣ`k(W,Ma,Mb)
. The following theorem
is proven in exactly the same way as [15, Lemma A.1].
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Theorem 3.6. The quotient maps
EΣ`k(M) −→MΣ`k(M), and EΣ`k(W,Ma,Mb) −→MΣ`k(W,Ma,Mb)
are locally trivial fibre-bundles.
Remark 3.2. By combining Theorem 3.6 with Lemma 3.4 it follows that there are weak
homotopy equivalences
MΣ`k(M) ' BDiffΣ`k(M) and MΣ`k(W,Ma,Mb) ' BDiffΣ`k(W,Ma,Mb)
where BDiffΣ`k(M) and BDiff(W,Ma,Mb) denote the classifying spaces associated to the
topological groups DiffΣ`k(M) and Diff(W,Ma,Mb). Furthermore, local triviality of the quo-
tient maps from Theorem 3.6 implies that the spaces MΣ`k(M) and MΣ`k(W,Ma,Mb) have
the structure of infinite dimensional smooth manifolds (see [10]). In this way it makes sense
to speak of smooth maps from a manifold into MΣ`k(M) or MΣ`k(W,Ma,Mb).
The following result is analogous to [15, Lemma 3.5] and is proven in the same way, using
Theorem 3.6.
Lemma 3.7. Let X be a smooth manifold without boundary and let M be a closed Σ`k -
manifold. There is a one-to-one correspondence between smooth maps,
X −→MΣ`k(M)
and closed Σ`k -submanifolds
E ⊂ X × Rk+ × R∞ × Rp¯+m¯
for some n ∈ N, such that the projection pi : E −→ X is a smooth fibre-bundle bundle with
fibre M and structure group DiffΣ`k(M).
Similarly, if (W,Ma,Mb) is a Σ
`
k -cobordism triple, then there is a one-to-one correspondence
between smooth maps,
X −→MΣ`k(W ;Ma,Mb)
and Σ`k -subcobordisms
E ⊂ X × [0, 1]× Rk+ × R∞ × Rp¯+m¯
such that the projection pi : E −→ X is a smooth fibre-bundle bundle with fibre W and
structure group DiffΣ`k(W,Ma,Mb).
4. The cobordism category
We are now ready to define the category Cob
Σ`k
d that was roughly described in the introduc-
tion. An object of Cob
Σ`k
d is a pair (M,a) with a ∈ R and M ⊆ Rk+ × R∞ × Rp¯+m¯ a closed,
(d − 1)-dimensional Σ`k -submanifold, as defined in Definition 3.5. A non-identity morphism
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from (Ma, a) to (Mb, b), is a triple (W,a, b) with a < b , and where W ⊂ [a, b]×Rk+×R∞×Rp¯+m¯
is a d-dimensional Σ`k subcobordism such that
W ∩ ({ν} × Rk+ × R∞ × Rp¯+m¯) = Mν for ν = a, b.
Two morphisms (W,a, b) and (V, c, d) can be composed if b = c and if
W ∩ ({b} × Rk+ × R∞ × Rp¯+m¯) = V ∩ ({c} × Rk+ × R∞ × Rp¯+m¯).
In this case, the composition of (W,a, b, ) of (V, c, d) is given by (W ∪ V, a, d). Condition
ii. of Definition 3.4 (the condition requiring embeddings of Σ`k -manifolds to respect collars)
ensures that the union W ∪ V is a smooth manifold with corners and so the composition is
well defined. It is easy to check that this composition rule is associative.
We want to make Cob
Σ`k
d into a topological category. Observe that as sets we have isomor-
phisms,
(8)
ob(Cob
Σ`k
d )
∼=
∐
M
MΣ`k(M)× R,
mor(Cob
Σ`k
d )
∼= ob(CobΣ`kd )q
∐
(W,Ma,Mb)
MΣ`k(W,Ma,Mb)× R
2
<,
where M varies over diffeomorphism classes of closed (d − 1)-dimensional Σ`k manifolds,
(W,Ma,Mb) varies over diffeomorphism classes of d-dimensional Σ
`
k -cobordism triples, and
R2< denotes the space {(x, y) ∈ R2 | x < y} . We then topologize the category CobΣ
`
k
d using
the bijections of (8). With Cob
Σ`k
d topologized in this way, we see that composition and the
target and source maps are all continuous.
Let ` ≤ k be non-negative integers. Let P be a closed manifold of dimension p and let
φ : P −→ Rp+m be an embedding where m > p is an integer. There is a continuous functor
(9) τP : Cob
Σ`k
d −→ CobΣ
`
k
d+p
defined by sending an object M ⊂ {a}×Rk+×R∞×Rp¯+m¯ of CobΣ
`
k
d to the object of Cob
Σ`k
d+p
given by the product M ×φ(P ) ⊂ ({a}×Rk+×R∞×Rp¯+m¯)×Rp+m . The definition of the τP
on morphisms is similar. An argument similar the proof of Proposition 3.2 shows that since
m > p , then the natural isomorphism class of the functor τP is independent of the chosen
embedding φ (since m > p implies that any two such embeddings are isotopic). We will latter
need to use the following result.
Proposition 4.1. Let P and P ′ be closed manifolds of dimension p and let φ : P → Rp+m
and φ′ : P ′ → Rp+m be embeddings with m > p. Suppose that P and P ′ are cobordant.
Then the maps BτP , BτP ′ : BCob
Σ`k
d −→ BCobΣ
`
k
d+p, induced by the functors τP and τP ′ , are
homotopic.
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Proof. Let W be a cobordism from P to P ′ , i.e. W is a compact manifold with ∂W = P unionsqP ′ .
For each a ∈ R , let Φa : W −→ [a, a + 1] × Rp+m be a collared embedding such that the
following diagram commutes,
P
φ

  // W
Φ

P ′? _oo
φ′

{a} × Rp+m // [a, a+ 1]× Rp+m {a+ 1} × Rp+m.oo
For each t ∈ R , let
Tt : Cob
Σ`k
d −→ BCobΣ
`
k
d
be the functor defined by (M,a) 7→ (M, t + a) and (W,a, b) 7→ (W, t + a, s + b). Clearly
this transformation is an isomorphism with inverse given by the functor T−t . For any object
(M,a) ∈ CobΣ`kd , the product
(10) M × Φa(W ) ⊂ (Rk+ × R∞ × Rp¯+m¯)× ([a, a+ 1]× Rp+m)
determines a morphism from τP (M,a) to τP ′(M,a) in Cob
Σ`k
d+p (after identifying the ambient
space (Rk+ × R∞ × Rp¯+m¯)× [a, a+ 1]× Rp+m with [a, a+ 1]× Rk+ × (R∞ × Rp+m)× Rp¯+m¯ .)
The correspondence
(M,a) 7→
(
M × Φa(W ) : τP (M,a)→ τP ′(M,a)
)
defines a natural transformation
τP −→ T1 ◦ τP ′
and thus induces a homotopy between the maps BτP and BτP ′ . This concludes the proof of
the proposition. 
We will need to consider the functors
∂`+1 : Cob
Σ`k
d −→ Cob
Σ`k−1
d−1 , (M,a) 7→ (∂`+1M,a),
β`+1 : Cob
Σ`+1k
d −→ Cob
Σ`k−1
d−1−p`+1 , (M,a) 7→ (β`+1M,a),
and the functor
τP` : Cob
Σ`k
d−p`+1−1 −→ Cob
Σ`k−1
d−1
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from (9), defined using the embedding φ` which was specified at the beginning of Section 3.1.
It follows directly from the construction of the category Cob
Σ`k
d , that the commutative square
Cob
Σ`+1k
d
β`+1

// Cob
Σ`k
d
∂`+1

Cob
Σ`k−1
d−p`+1−1
τP`+1 // Cob
Σ`k−1
d−1
is a pull-back square (a pull-back in the category of topological categories), where the top-
horizontal map is the natural inclusion. In Section 6, we will prove that the induced commu-
tative square obtained when passing to classifying spaces is homotopy-cartesian, which is the
statement of Theorem 1.1 from the introduction.
5. A sheaf model for the cobordism category
5.1. A recollection from [5] of sheaves. Let X denote the category with objects given by
smooth manifolds without boundary and with morphisms given by smooth maps. A sheaf on
X is defined to be a functor F : X op −→ Sets which satisfies the following condition. For
any open covering {Ui | i ∈ Λ} of X ∈ ob(X ), and every collection si ∈ F(Ui) satisfying
si |Ui∩Uj= sj |Ui∩Uj for all i, j ∈ Λ, there is a unique s ∈ F(X) such that s |Ui= si for all
i ∈ Λ.
We are interested in the concordance theory of sheaves. Let F be a sheaf on X . Two elements
s0 and s1 of F(X) are said to be concordant if there exists an element s ∈ F(X × R) that
agrees with proj∗X(s0) in an open neighborhood of X × (−∞, 0] and agrees with proj∗X(s1) in
an open neighborhood of X × [1,∞). We denote the set of concordance classes of F(X) by
F [X] . The correspondence X 7→ F [X] is clearly functorial in X .
Definition 5.1. For a sheaf F we define the representing space, denoted by |F| , to be the
geometric realization of the simplicial set given by the formula k 7→ F(4ke), where
4ke := {(x0, x1, . . . , xn) ∈ Rn+1 |
∑
xi = 1}
is the standard extended k -simplex.
From this definition it follows immediately that any natural transformation of sheaves F → G
induces a map between the representing spaces |F| → |G| .
In addition to set-valued sheafs, we will also have to consider sheaves on X which take values
in the category of small categories, which we denote by Cat . A Cat-valued sheaf on X is a
contravariant functor from X to Cat satisfying the same sheaf condition given above. For a
Cat-valued sheaf F and for each positive integer k , one has the set valued sheaf NkF defined
by sending X ∈ ob(X ) to the k -th nerve set of the category F(X). The correspondence,
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` 7→ F(4`e) defines a simplicial category. Furthermore, the representing space |F| obtains
the structure of a topological category with
ob(|F|) = |N0F|, mor(|F|) = |N1F|.
One then has
(11) B|F| ∼= |k 7→ NkF(4ke)|,
where the space on the left is the classifying space of the topological category |F| and the right-
hand side is the geometric realization of the simplicial space defined by the correspondence
k 7→ NkF(4ke).
5.2. The cobordism category sheaf. We now define a Cat-valued sheaf whose representing
space is the topological category Cob
Σ`k
d . The definitions of this section are analogous (and
actually generalize) those in [5, Section 2.3] and the results stated are analogous to those in
[5, Section 4] and are proven in exactly the same way. We omit the proofs of most of the
propositions but we define everything explicitly.
Let X ∈ ob(X ). We will need to consider Σ`k -submanifolds (see Definition 3.5)
W ⊂ X × R× (Rk+ × R∞ × Rp¯+m¯)
over X × R , with ∂0W = ∅ . For such Σ`k -submanifolds, we will need to fix some notation.
Notational Convention 5.1. The following notational conventions will be useful when deal-
ing with sheaves on X .
• Let X ∈ ob(X ) and let W ⊂ X × R × Rk+ × R∞ × Rp¯+m¯ be a Σ`k -submanifold over
X × R . We will denote by
(12) (pi, f) : W −→ X × R
the restriction to W of the projection, projX×R : X×R×Rk+×R∞×Rp¯+m¯ −→ X×R .
• Let a, b : X −→ R be smooth functions with a(x) < b(x) for all x ∈ X . We denote
X × (a, b) = {(x, t) ∈ X × R | a(x) < t < b(x) for all x ∈ X },
X × [a, b] = {(x, t) ∈ X × R | a(x) ≤ t ≤ b(x) for all x ∈ X }.
The next definition is analogous to and generalizes [5, Definition 2.6].
Definition 5.2. Let X ∈ ob(X ) and let a, b : X −→ R be smooth functions with a(x) ≤ b(x)
for all x ∈ X . For a positive real number ε , we define CΣ`k,td (X; a, b, ε) to be the set of
(d+ dim(X))-dimensional Σlk -submanifolds
W ⊂ X × (a− ε, b+ ε)× (Rk+ × R∞ × Rp¯+m¯)
over X × (a− ε, b+ ε), subject to the following conditions:
i. The projection pi : W −→ X is a Σ`k -submersion.
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ii. The projection (pi, f) : W −→ X × (a− ε, b+ ε) is a proper Σ`k -map.
iii. For ν = a, b , the restriction of pi to the pre-image (pi, f)−1(X × (ν − ε, ν + ε)) is a
Σ`k -submersion (see Definition 2.3).
We then eliminate dependence on ε by setting C
Σ`k,t
d (X; a, b) := colimε→0
C
Σ`k,t
d (X; a, b, ε).
Definition 5.3. For X ∈ ob(X ), we set
C
Σ`k,t
d (X) :=
∐
a≤b
C
Σ`k,t
d (X; a, b)
with union ranging over all pairs of smooth functions a, b : X −→ R with a ≤ b , such that
the set {x ∈ X | a(x) = b(x)} is an open subset of X .
The assignment X 7→ CΣ`k,td (X) for X ∈ X is a contravriant functor. Indeed, if g : X → Y
is a smooth map, then for any Σlk -submanifold
W ⊂ Y × (a− 0, b+ 0)× (Rk+ × R∞ × Rp¯+m¯)
representing an element of C
Σ`k,t
d (Y ), it follows from condition iii. of Definition 5.2 that the
space g∗(W ) defined by forming the pull-back,
g∗(W )
pˆi

g∗ // W
pi

X
g // Y
is a Σ`k - submanifold over X . One can check also that C
Σ`k,t
d satisfies the sheaf condition
on X . Furthermore for each X ∈ ob(X ), the set CΣ`k,td (X) is endowed with the structure of
a category in the same way as described in [5, Page 10]. Thus, C
Σ`k,t
d defines a Cat-valued
sheaf on X .
Definition 5.4. Let C
Σ`k
d (X; a, b) ⊆ CΣ
`
k,t
d (X; a, b) be the subset satisfying the further condi-
tion:
vi. For ν = a, b and x ∈ X , let Jν(x) be the interval ((ν − 0)(x), (ν + 0)(x)) ⊆ R and
let
Vν = (pi, f)
−1({x} × Jν(x)) ⊆ {x} × Jν(x)× Rk+ × R∞ × Rp¯+m¯.
Then, there exists some (d− 1)-dimensional Σ`k -submanifold,
M ⊂ Rk+ × R∞ × Rp¯+m¯
such that Vν = {x} × Jν ×M ⊂ {x} × Jν(x)× Rk+ × R∞ × Rp¯+m¯.
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We then proceed to define
C
Σlk
d (X) :=
∐
a≤b
C
Σlk
d (X; a, b).
As with C
Σlk,t
d , the contravariant functor X 7→ CΣ
l
k
d (X) defines a Cat-valued sheaf on X .
This added condition from Definition 5.4 implies that given W ∈ CΣlkd (X; a, b)(X), for all
x ∈ X the inclusion map of the pre-mage
(pi, f)−1({x} × [a(x), b(x)]) ⊂ [a(x), b(x)]× Rk+ × R∞ × Rp¯+m¯
is Σ`k -subcobordism and is thus a an element of the morphism space mor(Cob
Σ`k
d ). Using the
topological structure on Cob
Σ`k
d given in (8), together with Lemma 3.7 regarding fibre-bundles
with Σ`k -manifold fibres, there is a natural isomorphism
(13) C∞( ,CobΣ
`
k
d )
∼=−→ CΣ`kd ,
given by sending a smooth map f : X −→ CobΣ`kd to the fibre-bundle of Σ`k -manifold cobor-
disms over X that f classifies. The topological structure on Cob
Σ`k
d defined in (8) implies
the following result (see also [5, Proposition 2.9]).
Proposition 5.1. There is a weak homotopy equivalence B|CΣ`kd | ' BCobΣ
`
k
d .
The next proposition is then proven in the same way as [5, Proposition 4.4].
Proposition 5.2. The natural transformation C
Σ`k
d −→ CΣ
`
k,t
d induced by inclusion induces
a weak homotopy equivalence B|CΣ`kd | '−→ B|CΣ
`
k,t
d |.
We now define a Set-valued sheaf whose representing space has the weak homotopy type of
the classifying space BCob
Σ`k
d .
Definition 5.5. Let X ∈ ob(X ). We define DΣ`kd (X) to be the set of (dim(X) + d)-
dimensional Σ`k -submanifolds W ⊂ X × R × (Rk+ × R∞ × Rp¯+m¯) subject to the following
conditions:
i. The projection map pi : W −→ X is a Σ`k -submersion.
ii. The projection (pi, f) : W −→ X × R is a proper Σ`k -map.
iii. For any compact submanifold K ⊂ X , there exists n ∈ N such that
pi−1(K) ⊂ K × R× (Rk+ × Rn × Rp¯+m¯).
It can be verified that D
Σ`k
d satisfies the sheaf condition. We define a Cat-valued sheaf D
Σ`k,t
d
which can be compared directly to both C
Σ`k,t
d and D
Σ`k
d .
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Definition 5.6. For X ∈ ob(X ), we define ob(DΣ`k,td (X)) to be the set of pairs (W,a) subject
to the following conditions:
i. W ∈ DΣ`kd (X),
ii. a : X −→ R is a smooth function,
iii. for each x ∈ X , the restriction map f |pi−1(x) : pi−1(x) −→ R is transverse to a(x) ∈ R .
The morphism set mor(D
Σ`k,t
d (X)) is defined to be the set of triples (W,a, b) such that
(a) (W,a), (W, b) ∈ Ob(DΣ`k,td (X)),
(b) a(x) ≤ b(x) for all x ∈ X .
Two morphisms (W,a, b), (V, c, d) ∈ DΣ`k,td (X) can be composed if and only if V = W and
b(x) = c(x) for all x ∈ X . The composition of (W,a, b) and (V, c, d) is then given by (W,a, d).
There is a natural transformation γ : D
Σ`k,t
d −→ CΣ
`
k,t
d which is defined in exactly the same
way as in [5, Page 17]. The following proposition is then proven in the same way as [5,
Proposition 4.3].
Proposition 5.3. The natural transformation γ : D
Σ`k,t
d −→ CΣ
`
k,t
d induces a weak homotopy
equivalence B|γ| : B|DΣ`k,td | '−→ B|CΣ
`
k,t
d |.
Now, D
Σ`k
d is a Set-valued sheaf, however we may consider it to be a Cat-valued sheaf by
considering D
Σ`k
d (X) to be the category with ob(D
Σ`k
d (X)) = D
Σ`k
d (X) and where the only
morphisms are the identity morphisms. Defined in this way, the representing space |DΣ`kd |
is a topological category with only identity morphisms and thus, there is a weak homotopy
equivalence B|DΣ`kd | ' |DΣ
`
k
d |. We have a natural transformation of Cat-valued sheaves,
F : D
Σ`k,t
d −→ DΣ
`
k
d
determined by the rule
(W,a) 7→ W for (W,a) ∈ DΣ`kd (X), X ∈ ob(X ).
The following proposition is proven in the same way as [5, Proposition 4.2]
Proposition 5.4. The natural transformation F : D
Σ`k,t
d −→ DΣ
`
k
d induces a weak homotopy
equivalence B|F | : B|DΣ`k,td | '−→ |DΣ
`
k
d |.
Combining Propositions 5.1, 5.2, 5.3 and 5.4, we obtain a zig-zag of weak homotopy equiva-
lences
(14) BCob
Σ`k
d
' // B|CΣ`kd | B|CΣ
`
k,t
d |'oo B|DΣ
`
k,t
d |'oo ' // |DΣ
`
k
d |.
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Corollary 5.5. There is a weak homotopy equivalence BCob
Σ`k
d ' |DΣ
`
k
d |.
6. A Fibre Sequence of Classifying Spaces
6.1. Fibre sequences. We will need to use some further results from [14, 4.1.5] regarding the
concordance theory of sheaves on X . We recall now a certain property for sheaves, analogous
to the covering homotopy property for spaces.
Definition 6.1. A natural transformation of sheaves α : F −→ G is said to have the concor-
dance lifting property if for any X ∈ ob(X ), the following condition holds: let
s ∈ F(X) and h ∈ G(X × R)
be elements such that there exists  > 0 with
proj∗X(α(s)) |X×(−∞,) = h |X×(−∞,) .
Then there exists ĥ ∈ F(X × R) such that
ĥ |X×(−∞,̂) = proj∗X(α(s)) |X×(−∞,̂) and α(ĥ) = h,
where ̂ is some positive real number, possibly different than  .
The main result that we will need to use is the following.
Proposition 6.1. Let E ,F , and G be sheaves on X and let u : E → G and v : F → G be
natural transformations. Let E ×G F denote the sheaf defined by forming the fibred-product of
u and v . If u has the concordance lifting property, then the projection E ×G F → F has the
concordance lifting property and the commutative square,
|E ×G F| //

|F|
|v|

|E| |u| // |G|.
is homotopy cartesian.
For X ∈ ob(X ), any element z ∈ G(?) gives rise to an element (of the same name) z ∈ G(X),
defined by pulling back z ∈ G(?) over the constant map.
Definition 6.2. Let α : F −→ G and z ∈ G(?) be as above. The fibre of the map α over z
is the sheaf Fibzα , defined by Fib
z
α(X) = {s ∈ F(X) | α(s) = z}.
Corollary 6.2. If v : F −→ G has the concordance lifting property then for all z ∈ G(?), the
sequence |Fibzα | −→ |F|
|v|−→ |G| is a homotopy fibre-sequence.
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6.2. A fibre sequence of classifying spaces. We now consider the natural transformation
(15) ∂` : D
Σ`−1k
d −→ D
Σ`−1k−1
d−1 ,
which is defined by sending an element W ∈ DΣ
`−1
k
d (X) to the manifold
∂`W ⊂ X × R× Rk+,{`}c × R∞ × Rp¯+m¯,
which determines an element in D
Σ`−1k−1
d−1 (X). We will need the following technical result.
Lemma 6.3. The natural transformation ∂1 : D
Σ0k
d −→ D
Σ0k−1
d−1 has the concordance lifting
property.
Proof. Fix an element X ∈ ob(X ) and let W ∈ DΣ
0
k−1
d−1 (X × R) be a concordance. Let
V ∈ DΣ0kd (X) and ε > 0 be such that
(16) proj∗X(∂1V ) |X×(−∞,ε) = W |X×(−∞,ε) .
To prove the lemma we will construct a concordance V˜ ∈ DΣ0kd (X × R) such that
∂1V˜ = W and V˜ |X×(−∞,ε) = proj∗X(V ) |X×(−∞,ε) .
Since V is a Σ`k -submanifold, if follows from condition ii. of Definition 3.3 that
∂1V ⊂ X × Rk+,{1}c × R∞,
and that there exists a positive real number κ such that
V ∩
(
X × [0, κ)× Rk+,{1}c × R∞
)
= ∂1V × [0, κ).
Let ε > 0 be the real number from (16) and let ρ : R × [0, 1) −→ R × [0, 1) be a smooth
function that satisfies the following conditions:
i. The image of ρ is contained in the subspace
(
R× [0, 2
3
)
)⋃(
(−∞, 2·ε
3
)× [0, 1)
)
.
ii. ρ is equal to the identity when restricted to the subspace(
R× [0, 1
3
)
)⋃(
(−∞, ε
3
)× [0, 1)
)
.
iii. Whenever (t, s) ∈ [2·ε
3
,∞)× [1
2
, 1), the equation ρ(t, s) = (2·ε
3
, s) is satisfied.
Let λ : R × [0, 1) −→ R be the projection (t, s) 7→ t where (t, s) ∈ R × [0, 1). Using these
two functions ρ and λ , we define a new map
ρ̂ : X × R× [0, κ) −→ X × R
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by the formula
(17) (x, t, s) 7→ (x, λ ◦ ρ(t, s
κ
)).
It follows directly from the definition of ρ and λ that for all x ∈ X , the following conditions
are satisfied:
(a) if s ≤ κ
3
or t ≤ ε
3
, then ρ̂(x, t, s) = (x, t),
(b) if (t, s) ∈ [2·ε
3
,∞)× [κ
2
, κ), then ρ̂(x, t, s) = (x, 2·ε
3
).
We now form the pull-back,
ρ̂∗(W )
pi

// W
pi

X × R× [0, 1) ρ̂ // X × R
where
(18) ρ̂∗(W ) = {((x, t, s), w) ∈ X × R× [0, κ)×W | ρ̂(x, t, s) = pi(w)}.
By definition of D
Σ0k−1
d−1 (X×R), pi is a Σ0k -submersion (see Definition 2.3). It follows from the
factorization in condition iii. of Definition 5.5 that ρ̂∗(W ) is a Σ0k -manifold. The inclusion
map
W ↪→ (X × R)× R× Rk+,{1}c × R∞,
induces a natural embedding
i : ρ̂∗(W ) ↪→ (X × R)× R× [0, κ)× Rk+,{1}c × R∞.
We will denote by W ′ ⊂ (X × R) × R × [0, κ) × Rk+,{1}c × R∞ the Σ0k -submanifold given by
the image of this embedding. It can be verified directly using condition (b) and (18) that the
intersections
W ′ ∩
[
(X × R)× R× [κ
2
, κ)× Rk+,{1}c × R∞
]
,
proj∗XV ∩
[
(X × R)× R× [κ
2
, κ)× Rk+,{1}c × R∞
]
,
are equal. Now, let V̂ denote the second of the above intersections. This implies that the
subspace given by the union
(19) V̂ ∪W ′ ⊂ (X × R)× R× Rk+ × R∞
is a Σ0k -submanifold. Let V˜ denote this Σ
0
k -submanifold given by the union in (19). It follows
that V˜ ∈ DΣ0kd (X × R), that ∂1V˜ = W , and that
V˜ |X×(−∞,ε) = proj∗XV |X×(−∞,ε).
This completes the proof of the lemma. 
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We now consider the natural transformation τP` : D
Σ`−1k−1
d−p`−1 −→ D
Σ`−1k−1
d Defined by sending
W ∈ DΣ
`−1
k−1
d−p`−1(X) to the d-dimensional Σ
`
k -submanifold given by the product W × φP`(P`).
Then consider the natural transformations
β` : D
Σ`k
d −→ D
Σ`−1k−1
d−p`−1, W 7→ β`W.
We then have:
Corollary 6.4. For all 0 ≤ ` ≤ k , the commutative square
(20) |DΣ`kd | //
|β`|

|DΣ
`−1
k
d |
|∂`|

|DΣ
`−1
k−1
d−p`−1|
|τP` | // |DΣ
`−1
k−1
d−1 |
is homotopy cartesian.
Proof. Consider the commutative diagram,
D
Σ1k
d
//
β1

D
Σ0k
d
∂1

D
Σ0k−1
d−p`−1
τP1 // D
Σ0k−1
d−1 .
It follows by inspection that this is a pull-back square. By Lemma 6.3 it follows that the
left-vertical map β1 has the concordance lifting property. It then follows from Proposition 6.1
that the lemma holds for ` = 1. The general case of the lemma then follows by induction. 
We obtain the following corollary, which is a restatement of Theorem 1.1 from the introduction.
Corollary 6.5. The commutative square
BCob
Σ`+1k
d
//
Bβ`+1

BCob
Σ`k
d
B∂`+1

BCob
Σ`k−1
d−p`+1−1
BτP`+1 // BCob
Σ`k−1
d−1 ,
is homotopy-cartesian.
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Proof. The zig-zag of weak homotopy equivalences from (14) yields a commutative diagram,
|DΣ
`−1
k−1
d |88
xx

// |DΣ`kd |99
yy

BCob
Σ`−1k−1
d
//

BCob
Σ`k
d

|DΣ
`−1
k−1
d+p`−1|99
yy
// |DΣ
`−1
k−1
d−1 |99
yy
BCob
Σ`−1k−1
d+p`−1
// BCob
Σ`−1k−1
d−1 .
By Corollary 6.4, the square in the back is homotopy cartesian. Since all of the zig-zags are
weak homotopy equivalences and the diagram commutes, it follows that the front square is
homotopy-cartesian as well. This completes the proof of the corollary. 
We now will identify the homotopy-fibres of the map |β`| . The target space of the map
|β`| : |DΣ
`
k
d | −→ |D
Σ`−1k−1
d−p`−1| is not necessarily path-connected and thus it is not automatic that
all fibres are homotopy equivalent. We will work to establish this fact. The proof uses the
following lemma.
Lemma 6.6. The space |DΣ`kd | has the structure of a topological monoid that is associative up
to homotopy. The induced monoid structure on pi0(|DΣ
`
k
d |) is isomorphic to the bordism group
Ω
Σk`
d−1 . Furthermore, the map |β`| : |DΣ
`
k
d | −→ |D
Σ`−1k−1
d−p`−1| is a homomorphism with respect to
the monoid structures.
Proof. The monoid structure on |DΣ`kd+1| is defined in exactly the same way as in [15, Propo-
sition 11.1] (see also [14, proof of Theorem 3.8]). Let D
Σ`k
d+1×¯DΣ
`
k
d+1 be the sheaf defined by
letting
(D
Σ`k
d+1×¯DΣ
`
k
d+1)(X) ⊂ DΣ
`
k
d+1(X)×DΣ
`
k
d+1(X)
be the subset which consists of all pairs (W1,W2) that are disjoint. There is a map,
(21) µ : (D
Σ`k
d+1×¯DΣ
`
k
d+1)(X) −→ DΣ
`
k
d+1(X), (W1,W2) 7→ W1 unionsqW2.
This map yields a partially defined product on D
Σ`k
d+1 which is clearly associative, commutative,
and the identity element is given by the empty set. Furthermore, it follows from a general
position argument that the inclusion map D
Σ`k
d+1×¯DΣ
`
k
d+1 −→ DΣ
`
k
d+1×DΣ
`
k
d+1 is a weak equivalence
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of sheaves. From this weak equivalence, the representing space |DΣ`kd+1| inherits a monoid
structure defined by
|DΣ`kd+1| × |DΣ
`
k
d+1| ' // |DΣ
`
k
d+1×¯DΣ
`
k
d+1|
µ // |DΣ`kd+1|,
which is associative and commutative up to homotopy and has strict identity. It follows that
the natural transformation β` : D
Σ`k
d −→ D
Σ`−1k−1
d−p`−1 respects this product and thus the induced
map |β`| : |DΣ
`
k
d | −→ |D
Σ`−1k−1
d−p`−1| is a homomorphism of homotopy monoids.
We define a monoid homomorphism α : pi0(D
Σ`k
d ) −→ ΩΣ
k
`
d−1 in a way similar to as in [8, Lemma
3.2]. For any Σ`k -submanifold W ⊂ R × Rk+ × R∞ × Rp¯+m¯ , we may perturb W through a
small ambient isotopy (through Σk` -submanifolds) to a new Σ
`
k submanifold W
′ , such that
the restriction map f : W ′ −→ R is Σ`k -transverse (see Definition 2.4) to 0 ∈ R , where f is
the restriction to W ′ of the projection R×Rk+×R∞×Rp¯+m¯ → R. We then define α(W ) to be
the Σ`k -bordism class in Ω
Σ`k
d−1. It is immediate that this map is a homomorphism. The inverse
to α is defined by sending a bordism class [M ] ∈ ΩΣ`kd−1 to the concordance class represented
by the element R× ϕ(M) ⊂ R× (Rk+ ×R∞ ×Rp¯+m¯), where ϕ : M −→ Rk+ ×R∞ ×Rp¯+m¯ is
some element of the embedding space EΣ`k(M). It is an easy exercise to see that this yields a
well-defined map (see [8, Lemma 3.2] for details). Since Ω
Σ`k
d−1 is a group, it follows from that
fact that α is a bijective homomrphism that pi0(D
Σ`k
d ) is a group as well. This completes the
proof of the lemma. 
The next corollary follows from the fact that the map |β`| : |DΣ
`
k
d | −→ |D
Σ`−1k−1
d−p`−1| is a homo-
morphism of group-like monoids.
Corollary 6.7. All non-empty fibres of the map |β`| : |DΣ
`
k
d | −→ |D
Σ`−1k−1
d−p`−1| are homotopy
equivalent.
The element ∅ ∈ DΣ
`−1
k−1
d−1 ( ? ), given by the empty set, determines an element ∅ ∈ D
Σ`−1k−1
d−1 (X)
for all X ∈ ob(X ). Recall from Definition 6.2 the fibre-sheaf defined by,
Fib∅β`(X) = {W ∈ D
Σ`k
d (X) | β`(W ) = ∅ },
for X ∈ ob(X ).
Proposition 6.8. The fibre sheaf Fib∅β` is isomorphic to D
Σ`−1k−1
d .
Proof. For X ∈ ob(X ), an element of Fib∅β`(X) is given by a Σ`k -submanifold
W ⊂ X × R× Rk+ × R∞ × Rp¯+m¯
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satisfying all conditions of the definition of D
Σ`k
d (X), with the added property that
W ∩ (X × R× Rk+,{k}c × R∞ × Rp¯+m¯) = ∂`W = ∅.
The proof of the proposition follows immediately from this observation and the definition of
a Σ`−1k−1 -manifold. 
7. A Cubical Diagram of Thom-Spectra
In this section we construct the spectrum which appears in the statement of Theorem 1.4. We
must first cover some preliminaries on cubical diagrams of spaces and spectra.
7.1. k -Cubic Spaces. As in previous sections, let 〈k〉 denote the set {1, · · · , k} . We denote
by 2〈k〉 the category with objects given by the subsets of 〈k〉 , and with morphisms given
by the inclusion maps. We call a functor from (2〈k〉)op to Top (the category of topological
spaces) a k -cubic space. Such functors will usually be denoted by
X• : (2〈k〉)op −→ Top, J 7→ XJ .
In order to define a k -cubic space, one needs to associate to each subset J ⊆ 〈k〉 a space XJ
and to pairs of subsets I ⊆ J ⊆ 〈k〉 maps fJ,I : XJ −→ XI , such that for any triple of subsets
K ⊆ I ⊆ J ⊆ 〈k〉 , the equation fJ,K = fI,K ◦ fJ,I holds, and fI,I = IdXI . We will sometimes
refer to the spaces XI as vertices and the maps fJ,I : XJ −→ XI as edges.
A morphism of k -cubic spaces F• : X• −→ Y• is defined to be a natural transformation of the
functors X• and Y• . We denote the space of all such k -cubic space maps by Maps〈k〉(X•, Y•).
This space is topologized naturally as a subset of the product
∏
J⊆〈k〉Maps(XJ , YJ), where
Maps(XJ , YJ) is the space of continuous maps from XJ to YJ , topologized in the compact-open
topology.
A Σk -manifold W determines a k -cubic space by the correspondence I 7→ ∂IW . Also notice
that the spaces Rk+ and Rp¯+m¯ from the previous sections determine k -cubic spaces via the
correspondences,
I 7→ Rk+,I = {(t1, . . . , tk) | ti = 0 if i /∈ I},
I 7→ Rp¯+m¯I = {(x1, . . . , xk) ∈ Rp1+m1 × · · · × Rpk+mk | xi = 0 if i /∈ I}.
In addition to k -cubic spaces we will also have to consider k -cubic spectra. A k -cubic spec-
trum is a functor X• : (2〈k〉)op −→ Spec where Spec is the category of spectra. It is required
that for each pair of subsets I ⊆ J ⊆ 〈k〉 , the associated map XJ −→ XI is a strict map of
spectra of degree 0.
Let X• be a k -cubic spectrum. Then for each integer n , there is a k -cubic space (X•)n defined
by sending each J ⊆ 〈k〉 to the nth space of the spectrum XJ . The operations of suspending
X• 7→ ΣX• , and de-suspending X• 7→ Σ−1X• are defined in the obvious way.
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7.2. The total homotopy cofibre of a k -cubic space. We define an important type of
homotopy colimit associated to a k -cubic space called the total homotopy cofibre. We first
introduce some new notation. For j = 1, . . . , k , consider the function
σj : 〈k − 1〉 −→ 〈k〉, σ(i) =
{
i if i < j,
i+ 1 if i ≥ j.
We then define functors
(22)
∂j : 2
〈k−1〉 −→ 2〈k〉, {i1, . . . , in} 7→ {σj(i1), . . . , σj(in)} ∪ {j},
∂¯j : 2
〈k−1〉 −→ 2〈k〉, {i1, . . . , in} 7→ {σj(i1). . . . , σj(in)}.
For any k -cubic space X• : (2〈k〉)op −→ Top , we define X•, j and X•, j¯ to be the (k − 1)-
cubic spaces obtained from X• by precomposing X• with the functors ∂j and ∂¯j respectively.
There is a natural map of (k − 1)-cubic spaces
(23) X•,j −→ X•,j¯,
induced by the maps XI∪{j} −→ XI , for subsets I ⊆ 〈k〉 \ {j} .
Definition 7.1. Let X• be a k -cubic space. We define the Total Homotopy Cofibre of
X• , which we denote by tCofibre〈k〉X•, inductively on k as follows. If k = 1, we define
tCofibre〈1〉X• to be the homotopy cofibre (or mapping-cone) of the natural map X{1} −→ X∅ .
Assume now that the total homotopy cofibre is defined for all (k− 1)-cubic spaces. The map
from (23) induces a map,
tCofibre〈k−1〉X•,k −→ tCofibre〈k−1〉X•,k¯.
Using this we define
(24) tCofibreX• := Cofibre
(
tCofibre〈k−1〉X•,k −→ tCofibre〈k−1〉X•,k¯
)
.
The total homotopy cofibre of a 〈k〉-cubic spectrum is defined similarly.
7.3. Loop Spaces. In this section we describe a useful mapping space associated to a 〈k〉-
cubic space.
Definition 7.2. For n ≥ 0, let Dn,〈k〉• denote the k -cubic space defined by setting
D
n,〈k〉
J := (R
k
+,Jc × Rn)c,
where the super-script c signifies the one-point compactification. The maps D
n,〈k〉
J → Dn,〈k〉I
for pairs of subsets I ⊆ J ⊆ 〈k〉 are given by inclusion.
For a k -cubic space X• we define,
(25) Ωn+k〈k〉 X• := Maps〈k〉(D
n,〈k〉
• , X•).
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Let X• be a k -cubic spectrum. For integers m and n there are maps
Ωn+k〈k〉 (X•)n+k+m −→ Ωn+k+1〈k〉 (X•)n+k+m+1
induced by the structure maps of the spectrum. Using these maps we define,
(26) Ω∞−m〈k〉 X• := colimn→∞
Ωn+k〈k〉 (X•)n+k+m.
For each pair of integers n and m , the natural maps
(XJ)n+k+m −→ (tCofibre〈k〉 X•)n+k+m
induce a map
(27) Ω∞−m〈k〉 X• −→ Ω∞−m tCofibre〈k〉 X• ,
where the space on the right is the infinite loopspace associated to the spectrum Σ−m tCofibre〈k〉 X• .
The following result is essentially the same as [6, Proposition 3.15] (see also [11, Lemmas 3.1.2
and 3.1.4]).
Theorem 7.1. For all m, the map from (27) yields a homotopy equivalence,
Ω∞−m〈k〉 X• ' Ω∞−m tCofibre〈k〉 X•.
Proof sketch. This is proven by induction on k . Let k = 0. We have Dn,〈0〉 ∼= Sn for all
n ∈ N . It follows then from Definition 7.1 that if X• is a 0-cubic spectrum (which is just
a spectrum), there is a homeomorphism, Ω∞−m〈0〉 X•
∼= Ω∞−mX∅. This proves the base case.
Now suppose that the lemma holds for all (k− 1)-cubic spectra. The result then follows from
considering the map of fibre sequences
Ω∞−m〈k−1〉X•,k

' // Ω∞−m tCofibre〈k−1〉 X•,k

Ω∞−m〈k−1〉X•,k¯

' // Ω∞−m tCofibre〈k−1〉 X•,k¯

Ω∞−m〈k〉 X• // Ω
∞−m tCofibre〈k〉 X•,
where the top two horizontal maps are weak homotopy equivalences by the induction hypoth-
esis. 
7.4. A k -cubic Thom-spectrum. We now construct the k -cubic spectrum MTΣ`k(d)• from
the statement of Theorem 1.4 in the introduction. This k -cubic spectrum will be defined in
such a way so that for each subset J ⊆ 〈k〉 ,
MTΣ`k(d)J = Σ
−|J |MT(d− pJ − |J |),
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where MT(d − pJ − |J |) is the spectrum defined in [5] and is homotopy equivalent to the
Thom-spectrum associated to the formal inverse of the universal vector bundle
Ud−pJ−|J | −→ BO(d− pJ − |J |).
We must first fix some notation.
Notational Convention 7.1. The following are some national conventions that will be used
in this section and the next.
• For each manifold Pi in the sequence Σ, let NPi −→ Pi denote the normal bundle
associated to the embedding φi : Pi ↪→ Rpi+mi from Section 3.2.
• For each subset I ⊆ 〈k〉 , we let NP I −→ P I denote the normal bundle associated to
the product embedding φI : P
I ↪→ Rp¯+m¯I .
For each subset I ⊆ 〈k〉 , there is a factorization NP I =
∏
i∈I NPi . We fix once and for all
tubular neighborhood embeddings,
(28) ePi : NPi ↪→ Rpi+mi := Rp¯+m¯{i} .
For each subset J ⊆ 〈k〉 , the product embeddings, ePJ :=
∏
j∈J ePj : NPJ ↪→ Rp¯+m¯J
give tubular neighborhood embeddings for the normal bundles NPJ −→ P J . These tubular
neighborhoods induce collapsing maps
(29) cPJ : (Rp¯+m¯J )
c −→ Th(NPJ ).
We will be using these maps throughout the rest of this paper.
Definition 7.3. For n ∈ N and a subset J ⊆ 〈k〉 , let G(Σk, d, n, J) denote the Grassmannian
manifold consisting of all (d− |J | − pJ)- dimensional vector subspaces of
R× RkJc × Rn̂−1+d × Rp¯+m¯Jc .
If d− |J | − pI ≤ 0, then G(Σk, d, n, J) is defined to be a single point.
For each subset J ⊆ 〈k〉 , the space G(Σk, d, n, J) is equipped with the canonical vector bundle,
which we denote by UΣk,d,n,J −→ G(Σk, d, n, J). We then denote by
U⊥Σk,d,n,J −→ G(Σk, d, n, J),
the orthogonal compliment bundle. Let
iJ,n : G(Σk, d, n, J) −→ G(Σk, d, n+ 1, J)
be the embedding induced by the inclusion map
R× RkJc × Rd−1+n̂ × Rp¯+m¯Jc ↪→ R× RkJc × Rd−1+n̂+1 × Rp¯+m¯Jc .
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This embedding yields the bundle map
1 ⊕ U⊥Σk,d,n,J
i∗J,n //

U⊥Σk,d,n+1,J

G(Σk, d, n, J)
iJ,n // G(Σk, d, n+ 1, J),
which in-turn induces a map of Thom-spaces,
(30) Th(i∗J,n) : S
1 ∧ Th(U⊥Σk,d,n,J) −→ Th(U⊥Σk,d,n+1,J).
Definition 7.4. For any subset J ⊆ 〈k〉 , MTΣk(d)J is the spectrum defined by setting,
(MTJ(d)Σk)(d+n+k) := Th(U
⊥
Σk,d,n,J
) ∧ (Rp¯+m¯J )c.
The structure maps
σnJ : (MTΣk(d)J)(d+n+k) −→ (MTΣk(d)J)(d+n+k+1)
are given by smashing Th(i∗J,n) from (30) with the identity on (R
p¯+m¯
J )
c .
We now assemble the spectra MTΣk(d)J together into the k -cubic spectrum MTΣk(d)• . For
subsets I ⊆ J ⊆ 〈k〉 , we construct maps κJ,I : MTΣk(d)J −→ MTΣk(d)I as follows.
For each subset J ⊆ 〈k〉 , we denote by G(p¯, m¯, J) the Grassmannian manifold consisting of
pJ -dimensional vector subspaces of Rp¯+m¯J . We denote by
Up¯,m¯,J −→ G(p¯, m¯, J) and U⊥p¯,m¯,J −→ G(p¯, m¯, J),
the canonical vector bundle and its orthogonal compliment. For each pair of subsets I ⊆ J ⊆
〈k〉 and n ≥ 0, there are maps
(31) τJ,I : G(Σk, d, n, J)×G(p¯, m¯, J \ I) −→ G(Σk, d, n, I)
given by sending a pair of vector subspaces,
W ⊂ RkJc × Rd−1+n̂ × Rp¯+m¯Jc , V ⊂ Rp¯+m¯J\I ,
to the subspace of RkIc × Rd−1+n̂ × Rp¯+m¯〈Ic〉 given by the product, RkJ\I ×W × V .
The maps τJ,I are covered by bundle maps
(32) U⊥Σk,d,n,J × U⊥p¯,m¯,J\I
τ∗J,I //

U⊥Σk,d,n,I

G(Σk, d, n, J)×G(p¯, m¯, J \ I)
τJ,I // G(Σk, d, n, I),
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which are isomorphisms on the fibres. For each subset J ⊆ 〈k〉 , the normal bundle NPJ → P J
admits a Gauss map,
(33) NPJ

γ∗
PJ // U⊥p¯,m¯,J

P J
γ
PJ // G(p¯, m¯, J),
which induces a map of Thom-spaces,
(34) Th(γ∗PJ ) : Th(NPJ ) −→ Th(U⊥p¯,m¯,J).
For a pair of subsets I ⊆ J ⊆ 〈k〉 , we define
(35) κn+dJ,I : (MTΣk(d)J)n+d −→ (MTΣk(d)I)n+d
by the composition
Th(U⊥Σk,d,n,J) ∧ (Rp¯+m¯J\I )c ∧ (Rp¯+m¯I )c
(1)
// Th(U⊥Σk,d,n,J) ∧ Th(NPJ\I ) ∧ (Rp¯+m¯I )c
(2)

Th(U⊥Σk,d,n,J) ∧ Th(U⊥p¯,m¯,J\I) ∧ (Rp¯+m¯I )c Th(U⊥Σk,d,n,I) ∧ (Rp¯+m¯I )c.(3)oo
The first map is given is given by Id∧ (cPJ\I )∧ Id where cPJ\I the collapsing map from (29).
The second map is given by Id ∧ Th(γ∗
PJ\I ) ∧ Id where Th(γ∗PJ\I ) is the map from (34). The
third map is given by Th(τ ∗J,I) ∧ Id where τ ∗J,I is the map from (32). It is easy to check that
the maps κn+dJ,I are compatible. Namely, for subsets K ⊆ I ⊂ J ⊆ 〈k〉 , we have
κn+dI,K ◦ κn+dJ,I = κn+dJ,K .
From this compatibility, the maps κn+dJ,I make (MTΣk(d)•)d+n into a k -cubic space for each
integer n ≥ 0. It follows from the construction that for each pair of subsets I ⊆ J ⊆ 〈k〉 , the
diagram
(MTJ(d)Σk)d+n+1
κn+1J,I // (MTI(d)Σk)d+n+1
S1 ∧ (MTJ(d)Σk)n+d
σn
OO
κnJ,I // S1 ∧ (MT(d)Σk)n+d
σn
OO
commutes, thus the κnJ,I piece together to define maps of spectra
(36) κJ,I : MTJ(d)Σk −→ MTI(d)Σk
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such that κI,K ◦ κJ,I = κJ,K for any K ⊆ I ⊆ J ⊆ 〈k〉 . We obtain a k -cubic spectrum,
MTΣk(d)• . We then denote
(37) MTΣk(d) := tCofibre〈k〉MTΣk(d)•.
Recall that by definition,
(38) MTΣk(d) = Cofibre
(
tCofibre〈k−1〉MTΣk(d)•,k → tCofibre〈k−1〉MTΣk(d)•,k¯
)
.
By inspection one sees that
MTΣk(d)•,k = Σ
−1MTΣk−1(d− pk − 1)•, MTΣk(d)•,k¯ = MTΣk−1(d)•.
Combining this observation with (38), we obtain a cofibre sequence
Σ−1MT(d− pk − 1)Σk−1 −→ MT(d)Σk−1 −→ MT(d)Σk .
Continuing this cofibre sequence one term to the right and then applying the functor Ω∞( )
yields a homotopy-fibre sequence,
Ω∞MTΣk−1(d) −→ Ω∞MTΣk(d) −→ Ω∞MTΣk−1(d− pk − 1).
For the case that k = 1 and so Σk = (P ) for some closed manifold P , the above fibre sequence
is the fibre sequence studied in [15, Page 38].
8. The Main Theorem
In this section we identify the homotopy type of the space |DΣkd | . We will prove:
Theorem 8.1. There is a weak homotopy equivalence |DΣkd | ' Ω∞−1MT(d)Σk .
Combining this with the weak homotopy equivalence |DΣkd | ' BCobΣkd proved in Section 5.2
yields the weak homotopy equivalence BCobΣkd ' Ω∞−1MT(d)Σk asserted in Theorem 1.4.
By Theorem 7.1 it will suffice to prove the homotopy equivalence |DΣkd | ' Ω∞−1〈k〉 MTΣk(d)•.
8.1. A parametrized Pontryagin Thom construction. We now work to construct a zig-
zag of weak homotopy equivalences |DΣkd | oo // Ω∞−1〈k〉 MTΣk(d)•. For each n ∈ N , we will
need a modified version of the sheaf DΣkd . We need a preliminary technical definition.
Definition 8.1. Let p : Y −→ X be a submersion. Let iC : C ↪→ Y be a smooth submanifold
and suppose that p |C is still a submersion. A vertical tubular neighborhood for C in Y
consists of a smooth vector bundle q : N → C (which in our case will always be the normal
bundle of C ) with zero section s , along with an open embedding e : N −→ Y such that
e ◦ s = iC , and p ◦ e = p ◦ iC ◦ q .
Definition 8.2. For X ∈ X we define DΣk,νd,n (X) to be the set pairs (W, e) such that
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i. W ∈ DΣkd,n(X),
ii. The map
e : NW ↪→ X × R× Rk+ × Rd−1+n̂ × Rp¯+m¯,
where NW is the normal bundle of W , is a vertical tubular neighborhood of W with
respect to the submersion pi : W −→ X , that satisfies the following condition: for each
subset I ⊆ 〈k〉 , the restriction e |∂IW has the factorization, e |N∂IW = eNβIW × eP I
where
eNβIW : NβIW ↪→ X × R× Rk+,Ic × Rd−1+n̂ × R
p¯+m¯
Ic ,
is a vertical tubular neighborhood for βIW , NβIW the is normal bundle, and
eP I : NP I ↪→ Rp¯+m¯I
is the tubular neighborhood for NP I specified in (28).
Clearly, DΣk,νd,n satisfies the sheaf condition. For each n there is a forgetful map
(39) DΣk,νd,n −→ DΣkd .
It follows easily from the existence of tubular neighborhoods that the induced map in the limit
colim
n→∞
|DΣk,νd,n | '−→ |DΣkd |
is a homotopy equivalence. For X ∈ ob(X ), we define
ZΣkd (X) := Maps(X × R, Ω∞−1〈k〉 MTΣk(d)•).
The assignment X 7→ ZΣkd (X) defines a sheaf on X . The representing space |ZΣkd | , is weakly
homotopy equivalent to Ω∞−1〈k〉 MTΣk(d)• . We now proceed for each n to define a natural
transformation TΣkd,n : D
Σk,ν
d,n −→ ZΣkd , based on the Pontryagin-Thom construction.
Construction 8.1. Let X ∈ ob(X ) and let (W, e) ∈ DΣk,νd,n (X).
(a) For each subset J ⊆ 〈k〉 , let N∂JW −→ ∂JW denote the normal bundle associated to
∂JW as a submanifold of R×Rk+,Jc×Rd−1+n̂×Rp¯+m¯ . For each subset I ⊆ J , we have
N∂JW |∂IW = N∂IW (see Remark 3.1). Furthermore, for each for each subset J ⊆ 〈k〉
there is a factorization
N∂JW = NβJW ×NPJ
where NβJW → βJW is the normal bundle for βJW ⊂ R × Rk+,Jc × Rd−1+n̂ × Rp¯+m¯Jc
and NPJ → P J is the normal bundle for φJ(P J) ⊂ Rp¯+m¯J .
COBORDISM CATEGORIES OF MANIFOLDS WITH SINGULARITIES 35
(b) For each J ⊆ 〈k〉 , the Gauss map for the normal bundle N∂JW → ∂JW factors as the
product,
N∂JW = NβJW ×NPJ
γ∗βJ×γ
∗
PJ //

U⊥Σk,d,n,J × U⊥p¯,m¯,J

∂JW = βJW × P J
γβJ×γPJ // G(Σk, d, n, J)×G(p¯, m¯, J).
This bundle map γ∗βJ × γ∗PJ induce maps of Thom-spaces,
(40) γ̂βJW ∧ γ̂PJ : Th(NβJW ) ∧ Th(NPJ ) −→ Th(U⊥Σk,d,n,J) ∧ Th(U⊥p¯,m¯,J).
(c) The vertical tubular neighborhood
eβJW : NβJW −→ X × R× Rk+,Jc × Rd−1+n̂ × Rp¯+m¯Jc
induces a collapsing map
cβJW : X × R× (Rk+,Jc × Rd−1+n̂ × Rp¯+m¯Jc )c −→ Th(NβJW ).
Using the collapse map cβJW together with γ̂βJW from (40), we define
T̂Σkd+n(W )J : (X × R)× (Rk+,Jc × Rd−1+n̂ × Rp¯+m¯Jc )c ∧ (Rpk+mkJ )c −→ Th(U⊥Σk,d,nJ) ∧ (Rp¯+m¯J )c
by the formula,(
(x, t), y, z
)
7→
(
γ̂βJW (cβJW ((x, t), y)), z
)
.
(d) By our construction it follows that for each pair of subsets I ⊆ J ⊂ 〈k〉 , the diagram
(41) X × R× (Rk+,Ic × Rd−1+n̂ × Rp¯+m¯)c
T̂
Σk
d+n(W )I // Th(U⊥Σk,d,n,I) ∧ (Rp¯+m¯I )c
X × R× (Rk+,Jc × Rd−1+n̂ × Rp¯+m¯)c
T̂
Σk
d+n(W )J //
OO
Th(U⊥Σk,d,nJ) ∧ (Rp¯+m¯J )c
κn+dJ,I
OO
commutes, where the left vertical map is the inclusion and the maps κn+dJ,I are the
edges in the k -cubic space (MTΣk(d)•)n+d . It follows that the maps T̂
Σk
d+n(W )J , for
J ⊆ 〈k〉 , are compatible and thus yield a morphism of k -cubic spaces
T̂Σkd+n(W )• : X × R×D〈k〉,d−1+n• −→ (MTΣk(d)•)n+d.
(e) Let Add,n denote the adjoint homeomorphism,
Maps〈k〉
(
X × R×D〈k〉,d−1+n• , (MTΣk(d)•)n+d
)
∼= // Maps
(
X × R, Ωd−1+n〈k〉 (MTΣk(d)•)n+d
)
.
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Finally, we define the natural transformation TΣkd,n : D
Σk,ν
d,n −→ ZΣkd , by setting
TΣkd+n(W ) := Adn,d
(
T̂Σkd+n(W )•
)
.
Proof of Theorem 8.1. We prove the result by induction on k . In the limit n → ∞ , the
natural transformations TΣkd,n induce a map of homotopy fibre-sequences,
(42) |DΣk−1d | // |DΣkd | // |DΣk−1d−pk−1|
colim
n→∞
|DΣk−1,νd,n |
'
OO
//

colim
n→∞
|DΣk,νd,n |
'
OO

// colim
n→∞
|DΣk−1,νd−pk−1,n|
'
OO

|ZΣk−1d |
'

// |ZΣkd |
'

// |ZΣk−1d−pk−1|
'

Ω∞−1〈k−1〉MTΣk−1(d)• // Ω
∞−1
〈k〉 MTΣk(d)• // Ω
∞−1
〈k−1〉MTΣk−1(d− pk − 1)•
In the case k = 1, the map
|TΣ1d | : colimn→∞ |D
Σ1,ν
d,n | −→ |ZΣ1d |
is the map from [15, Theorem 7.1], and thus is a homotopy equivalence for all d ≥ 0; this
proves the base case of the induction. Now assume that
|TΣk−1d | : colimn→∞ |D
Σk−1,ν
d,n | −→ |ZΣk−1d |
is a homotopy equivalence for all d . Then, the first and third columns of (42) are homotopy
equivalences. The result follows from an application of the five lemma on the map of long-exact
sequences in homotopy groups induced by the fibre-sequences from (42). 
Appendix A.
The following lemma is based on the proof of the main result from [12]. This lemma implies
Lemma A.1 from Section 3.
Lemma A.1. Let M be a closed Σ0k -manifold. Let 0 ≤ ` < k be integers. Then for any
n ∈ N, the restriction map
r`+1 : EΣ`k,n(M) −→ EΣ`k−1,n(∂`M), ϕ 7→ ϕ|∂`+1M .
is a locally trivial fibre-bundle.
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Proof. We will prove the theorem explicitly in the case that ` = 0. Then general case is
proven in exactly the same way.
Let f ∈ EΣ0k−1,n(∂1M,X). Notice, that the space Rk+ × Rn is a (non-compact) Σ0k -manifold
with ∂`(Rk+ × Rn) = Rk+,{`}c × Rn for all ` ∈ 〈k〉 . We may then form the mapping spaces
C∞
Σ0k
(Rk+ ×Rn) and DiffΣ0k(Rk+ ×Rn) as in Definition 3.1. We then let C∞Σ0k(R
k
+ ×Rn)c denote
the subspace of C∞
Σ0k
(Rk+ × Rn) consisting of all smooth Σ0k -maps f , such that f is the
identity outside of some compact subset. We define DiffΣ0k(R
k
+×Rn)c similarly. To prove the
lemma, it will suffice to find a neighborhood U ⊂ EΣ0k−1,n(∂1M,X) of f and a continuous map
η : U −→ DiffΣ0k(Rk+ × Rn)c that satisfies:
(a) η(f) = IdRk+×Rn ,
(b) r1(η(g) ◦ fˆ) = g for all g ∈ U and fˆ ∈ r−11 (f).
With such a map η constructed, the map
U × r−11 (f) −→ r−11 (U), (g, fˆ) 7→ η(g) ◦ fˆ
defines a trivialization of r1 over the neighborhood U . Thus, the proof of the lemma will be
complete.
For any real number δ > 0, let Nδ be the tubular neighborhood about f(∂1W ) in Rk−1+ ×Rn
and let
pi : Nδ −→ f(∂1W )
be the projection map. Let U be an open neighborhood of f in EΣ0k−1,n(∂1M,X) with the
property that g(∂1W ) ⊂ Nδ/2 for all g ∈ U .
Let λ : [0,∞) −→ [0, 1] be a non-increasing smooth function that satisfies:
• λ(t) = 1 for t ≤ δ
2
,
• λ(t) = 0 for t ≥ 3δ
4
.
The let ρ : [0, 1] −→ [0, 1] be a non-decreasing, smooth function that satisfies:
• ρ(t) = 1 for t ≤ 1
4
,
• ρ(t) = 0 for t ≥ 3
4
.
We define a map
η : U × [0, 1] −→ C∞
Σ0k−1
(Rk−1+ × Rn)c
by the formula
(43) η(g, t)(y¯) = y¯ + ρ(t) · λ
(
dist(y¯, f(∂1W ))
)
·
(
g(f−1(pi(y¯)))− pi(y¯)
)
,
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where g ∈ U , t ∈ [0, 1] and y¯ ∈ Rk−1+ × Rn . In the above formula, dist(y¯, f(∂1W )) is the
Euclidean distance and all sums are taken coordinatewise. (This function is similar to the
function constructed in the proof of the main theorem from [12].) The following properties of
(43) can be verified directly:
i. η(f, t)(y¯) = y¯ for all t ∈ [0, 1] and y¯ ∈ Rk+ × Rn ,
ii. η(g, 0)(f(x)) = g(x) for all x ∈ ∂1W .
iii. η(g, 1)(y¯) = y¯ for all g ∈ U˜ and y¯ ∈ Rk+ × Rn .
Let
η̂ : U −→ Maps
(
[0, 1], C∞
Σ0k−1
(Rk−1+ × Rn)c
)
be the map determined by η under adjunction. By property i., η̂(f)(t) ∈ C∞
Σ0k−1
(Rk−1+ × Rn)c
is the identity map for all t ∈ [0, 1]. Since
DiffΣ0k−1(R
k−1
+ × Rn)c ⊂ C∞Σ0k−1(R
k−1
+ × Rn)c,
is an open subset (see Proposition 3.1 and [15, Proposition 3.1]), it follows that
Maps
(
[0, 1], DiffΣ0k−1(R
k−1
+ × Rk)c
)
⊂ Maps
(
[0, 1], C∞
Σ0k−1
(Rk−1+ × Rn)c
)
is an open subset in the compact-open topology. Thus, since η̂(f)(t) : Rk−1+ ×Rn −→ Rk−1+ ×Rn
is the identity for all t ∈ [0, 1] (and hence is a diffeomorphism for all t ∈ [0, 1]), we may choose
a smaller neighborhood U¯ ⊂ U of f such that the restriction η̂|U¯ has its image contained in
the space
Maps
(
[0, 1], DiffΣ0k−1(R
k−1
+ × Rk)c
)
.
We then define
(44) η¯ : U¯ −→ DiffΣ0k(R+ × (Rk−1+ × Rn))c
by the formula
η¯(g)(t, y¯) =
{
(t, η(g, t)(y¯)) for (t, y¯) ∈ [0, 1]× (Rk−1+ × Rn),
(t, y¯) for (t, y¯) ∈ (1,∞)× (Rk−1+ × Rn).
Using properties i., ii., and iii. it follows that η¯ is well defined and it satisfies the required
conditions (a) and (b) given above. This completes the proof of the lemma. 
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